Abstract. Let K be a unital associative and commutative ring and let K X be the free K-algebra on a non-empty set X of free generators. Define a left-normed commutator [x1, x2, . . . , xn] by [a, b] = ab − ba, [a, b, c] = [[a, b], c]. For n ≥ 2, let T (n) be the two-sided ideal in K X generated by all commutators [a1, a2, . . . , an] (ai ∈ K X ).
Introduction
Let K be a unital associative and commutative ring and let K X be the free K-algebra on a non-empty set X of free generators. Define a left-normed commutator [x 1 , x 2 , . . . For n ≥ 2, let T (n) be the two-sided ideal in K X generated by all commutators [a 1 , a 2 , . . . , a n ] (a i ∈ K X ). The quotient algebra K X /T (n) can be viewed as the universal Lie nilpotent associative K-algebra of class n − 1 generated by X.
It can be easily seen that the ideal T (2) is generated (as a two-sided ideal in K X ) by the commutators [x 1 , x 2 ] (x i ∈ X). It is well-known that T (3) is generated by the polynomials (see, for instance, [1, 4, 6, 7, 9, 11] ). If 1 3 ∈ K then a similar generating set for T (4) contains polynomials of 3 types (see [2, 5, 10, 12] 5 ] ∈ T (4) (see [8] ). The aim of the present article is to exhibit a similar generating set for T (5) .
Our result is as follows.
Theorem 1.1. The ideal T (5) is generated as a two-sided ideal of K X by the following polynomials: 
Proof of Theorem 1.1
In the proof we will make use of the following identities:
Let I be the two-sided ideal of K X generated by the polynomials (1)- (8) . To prove the theorem it suffices to prove that I ⊆ T (5) and T (5) ⊆ I.
We will prove that I ⊆ T (5) by checking that all polynomials (1)- (8) belong to T (5) . It is clear that the polynomials of the form (1) belong to T (5) .
Further, for all a i ∈ K X we have for all a i ∈ K X . Thus, the polynomials of the form (4) belong to T (5) .
To proceed further we need the following lemma.
Proof. Let u 1 , u 2 be commutators of length 2 in a i (a i ∈ K X ) and let (5) .
if σ = (12) or σ = (45). By (11) and (12), 
, as required. The proof of Lemma 2.1 is completed.
It follows immediately from Lemma 2.1 that the polynomials of the forms (2) and (3) belong to T (5) .
Further, by (9) belong to T (5) . It follows that for all
Thus, the polynomials of the form (5) belong to T (5) . Similarly, Lemma 2.1, (16) and the equality
It follows that the polynomials of the form (8) belong to T (5) . One can check in a similar way using the equalities
Lemma 2.1 and (10) that the polynomials of the forms (6) and (7) belong to T (5) as well. Thus, all polynomials of the forms (1)- (8) are contained in T (5) . It follows that I ⊆ T (5) . Now we prove that T (5) ⊆ I. Since the ideal T (5) is generated by the polynomials [a 1 , a 2 , a 3 , a 4 , a 5 ] where a i ∈ K X for all i, it suffices to check that, for all a i ∈ K X , the polynomial
belongs to I. Clearly, one may assume without loss of generality that all a i in (17) are monomials. In order to prove that each polynomial of the form (17) belongs to I we will prove that, for all monomials a i ∈ K X , the following polynomials belong to I as well: The proof is by induction on the degree m = deg f of the polynomial f of the form (17)-(24). It is clear that, for each f of the form (17)- (24), we have m ≥ 5. If m = 5 then f is of the form (17) with all monomials a i of degree 1. Hence, f is of the form (1) so f ∈ I. This establishes the base of the induction. To prove the induction step suppose that m = deg f > 5 and that all polynomials of the forms (17)-(24) of degree less than m belong to I.
Suppose that f is of the form (18),
If deg f = 8 then each monomial a i is of degree 1 so f is of the form (8) and, therefore, f ∈ I. If deg f > 8 then, for some i,
We claim that to check that f ∈ I one may assume without loss of generality that i ∈ {1, 7, 8}.
Indeed, we have f (a 1 , . . . , a 5 , a 6 , a 7 , a 8 ) = f (a 1 , . . . , a 5 , a 7 , a 6 , a 8 ). Also, by the induction hypothesis, a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 ) ≡ f (a 5 , a 6 , a 7 , a 8 , a 1 , a 2 , a 3 , a 4 ) (mod I) .
The claim follows.
Suppose first that If deg f = 7 then each monomial a i is of degree 1 so f is of the form (5) and, therefore, f ∈ I. If deg f > 7 then for some i, 
It follows that f
It is straightforward to check that f ∈ I if a i = a ′ i a ′′ i where i = 3, 4, 5, 7 (the case i = 6 is similar to the case i = 5).
Thus, each polynomial . If deg f = 7 then f is of the form (7) or of the form (3), respectively, so f ∈ I. If deg f > 7 then for some i,
It is straightforward to check repeating the argument above that in both cases f ∈ I. Thus, each polynomial f of the form (20) or (21) and of degree m belongs to I.
Suppose that f is of the form (22),
If deg f = 6 then each monomial a i is of degree 1 so f is of the form (6) and, therefore, f ∈ I. If deg f > 6 then, for some i,
We claim that to check that f ∈ I one may assume without loss of generality that i ∈ {4, 5, 6}. Indeed, it follows from the induction hypothesis a 2 , a 3 , a 4 , a 5 , a 6 ) ≡ f (a σ(1) , a σ(2) , a σ(3) , a σ(4) , a 5 , a 6 ) (mod I).
The claim follows.
Suppose first that a 6 = a ′ 6 a ′′ 6 . We have
By the inductive hypothesis,
Since each polynomial of degree m of the form (20) belongs to I, we have can be written as a sum of products of two commutators in a ′ 4 , a ′′ 4 and a i (i ∈ {1, 2, 3, 5, 6}). The commutators in the products are either of length 2 and 5 or of length 3 and 4. By the induction hypothesis, the commutators of length 5 belong to I and so do the products that contain such commutators. The products of commutators of length 3 and 4 are, modulo I, of the form (21) and of degree m so they also belong to I. Hence, the commutator (25) 
If deg f = 6 then each monomial a i is of degree 1 so f is of the form (2) and, therefore, f ∈ I. If deg f > 6 then, for some i,
We claim that to check that f ∈ I one may assume without loss of generality that i = 5 or i = 6. Indeed, it is clear that f (. . . , a 4 , a 5 , a 6 ) = −f (. . . , a 5 , a 4 , a 6 ). Also, 
